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( [1], [2], [10], [12], [13] ). \alpha - Bergman
$H:=\{(x, t)\in \mathbb{R}^{n+1};x\in \mathbb{R}^{n}, t>0\}(n\geq 1)$ $P$ $\alpha-$
Banach . , $1\leq P\leq\infty$ ,
$H$ Lebesgue $I\nearrow$ $I\nearrow(H)$ ,
$b_{\alpha}^{p}=$ {$u\in L^{p}(H);u$ $\alpha$- }
. $0<\alpha\leq 1$ , $u$ $\alpha$-
$L^{(\alpha)}u=0$
( $L^{(\alpha)}$ $:=\partial_{t}+(-\Delta)^{\alpha}$ ) ( \S 2).
, $b_{\alpha}^{\rho}\subset C^{\infty}(H)$ . $p=\infty$ $b_{\alpha}^{\infty}$ ,
$\alpha$- Bloch $\mathcal{B}_{\alpha}$ :
(1.1) $\mathcal{B}_{\alpha}$ $:=$ {$u\in C^{1}(H);u$ $\alpha$- $||u\Vert_{e_{\alpha}}<\infty$ },
(1.2) $||u||_{\mathcal{B}_{\alpha}}$ $:= \sup_{(x,t)\in H}\{t|\partial_{t}u(x, t)|+t^{\frac{1}{2\alpha}|\nabla u(x,t)|\}}$
. $\mathcal{B}_{\alpha}/\mathbb{R}$ $||\cdot\Vert_{\mathcal{B}_{\alpha}}$ Banach . , $b_{\alpha\neq}^{\infty\subset \mathcal{B}_{\alpha}}$
.
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$L^{(\alpha)}$ $W^{(\alpha)}$ Fourier
(1.3) $W^{(\alpha)}(x, t)=\{\begin{array}{ll}\frac{1}{(2\pi)^{n}}\int_{\mathbb{R}^{n}}e^{-t|\xi|^{2\alpha}}e^{ix\cdot\xi}d\xi (t>0),0 (t\leq 0)\end{array}$
. Bergman
, $\alpha\neq 1$ $L^{(\alpha)}$
$\alpha$- . ,
, $W^{(\alpha)}$
Bergman $u$ : $(x,t)\in H$
$0<s<t$
(1.4) $u(x,t)= \int_{\mathbb{R}^{n}}W^{(\alpha)}(x-y,t-s)u(y, s)dy$ .
Widder [11] (1.4) $u$ Huygens 1.
\S 3, $||4$ .
Bergman $p=2$ Hilbert .
(15) $R_{\alpha}(x,t;y, s)=-2\partial_{s}W^{(\alpha)}(x-y,t+s)$
. $R_{\alpha}$ $L^{2}(H)$ $b_{\alpha}^{2}$ , $1<p<\infty$
$IP(H)$ .
( $\frac{1}{p}+\frac{1}{p}=1$ ). $p=1$ .
, $b_{\alpha}^{1}$ $b_{\alpha}^{\infty}$ , $\mathcal{B}_{\alpha}/\mathbb{R}$ \S 5,
\S 6 .
, Toeplitz . $\mu$ $H$
Borel . $u\in b_{\alpha}^{p}$
(16) $T_{\mu}u(x,t):= \int\int_{H}R_{\alpha}(x,t;y, s)u(y, s)d\mu(y, s)$
. $T_{\mu}$ $\mu$ Toeplitz . $\S 7$ \sim \S 10 ,
$T_{\mu}$ $b_{\alpha}^{q}$ Carleson vanishing
Carleson .
(1.7) $b_{\alpha}^{p}\subset L^{q}(\mu)$
( $L^{q}(\mu)$ $\mu$ $L^{q}$ ).
$1H$ damard& 1903
Huygens (cf. Principe de Huygens et prolongement analytique. Bull.




$\alpha=1$ $L^{(1)}=\partial_{t}-\Delta$ , 1-
. $0<\alpha<1$ $\alpha$-
. $L^{(\alpha)}$ $\tilde{L}^{(\alpha)}$ $:=-\partial_{t}+(-\Delta)^{\alpha}$ :
$\varphi\in C_{K}^{\infty}(\mathbb{R}^{n+1})$
$\tilde{L}^{(\alpha)}\varphi(x,t)$
$:=- \partial_{t}\varphi(x,t)-c_{n,\alpha}\lim_{\delta\downarrow 0}\int_{|y|>\delta}(\varphi(x+y,t)-\varphi(x,t))|y|^{-n-2\alpha}dy$ .
,\alpha $:=4^{\alpha}\pi^{-\frac{n}{2}}\Gamma((n+2\alpha)/2)/|\Gamma(-\alpha)|$ . $\varphi$ $SuPp(\varphi)$ $\{|x|<$
$r,$ $t_{1}<t<t_{2}$ } , $|x|\geq 2r$
$| \tilde{L}^{(\alpha)}\varphi(x, t)|\leq 2^{n+2\alpha_{C_{n,\alpha}}}(\sup_{t_{1}<\epsilon<t_{2}}\int_{\mathbb{R}^{n}}|\varphi(y, s)|dy)\cdot|x|^{-n-2\alpha}$
. , $\mathbb{R}^{n+1}$ $D$
$s(D):=$ { $(x,$ $t)\in \mathbb{R}^{n+1}$ ; $(y,$ $t)\in D$ $y\in \mathbb{R}^{n}$ }
. $supp(\varphi)\subset D$ $supp(\tilde{L}^{(\alpha)}\varphi)\subset s(D)$ .
2.1. $u$ $D$ $\alpha$- :
(a) $u$ $s(D)$ Borel .
(b) $u$ $D$ .
(c) $\varphi\in C_{K}^{\infty}(D)$ ,
$\iint_{\epsilon(D)}|u\cdot\tilde{L}^{(\alpha)}\varphi|dxdt<\infty$ $i^{a\vee}\supset$
$\iint_{s(D)}u:\tilde{L}^{(\alpha)}\varphi$ $dxdt=0$ .
\alpha - L(\alpha )- . $(x, t)\in \mathbb{R}^{n+1}$
$r,$ $s>0$
$V=V((x, t);r,$ $s$) $:=\{(z,\tau);|z-x|<r, t-s<\tau<t\}$
, $s’>0$ $V’$ $:=\{(z, \tau);|z-x|<r, t-s<\tau<t+s’\}$
. $\tilde{W}^{(\alpha)}(x, t)$ $:=W^{(\alpha)}(x, -t)$ , $\tilde{W}^{(\alpha)}$ $\tilde{L}^{(\alpha)}$ . $(x,t)$
Dirac $\epsilon_{(x,t)}$ $V^{\prime c}$ $:=\mathbb{R}^{n+1}\backslash V’$ \wedge $\tilde{W}^{(\alpha)}$ $\nu_{V}^{(x,t)}$
. , $\nu_{V}^{(x,t)}$ $supp(\nu_{V}^{(x,t)})\subset V^{\prime c}$
$\tilde{W}^{(\alpha)}*\epsilon_{(x,t)}\geq\tilde{W}^{(\alpha)}*\nu_{V}^{(x,t)}$ ( $\mathbb{R}^{n+1}$ )
$\tilde{W}^{(\alpha)}*\epsilon_{(x,t)}=\tilde{W}^{(\alpha)}*\nu_{V}^{(x,t)}$ ( $V^{C}$ )
. $\nu_{V}^{(x,t)}$ $s>0$ .
$(x, t)$ $V$ $L^{(\alpha)}$- , , $\nu_{V}^{(x,t)}$ .
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2.2. ([4, Proposition 10]) $D$ $u$ 2.1
, $u$ (c) ( , $u$ \alpha ) ,
$\mathbb{R}^{n}\cross[t_{1}, t_{2}]\subset s(D)$
(2.1) $\int_{t_{1}}^{t_{2}}\int_{\mathbb{R}^{n}}|u(x, t)|(1+|x|)^{-n-2\alpha}$ $dxdt<\infty$
, , $(x, t)\in D$ $\overline{V}\subset D$ $V=V((x, t);r,$ $s$ )
(22) $u(x,t)= \int\int_{\mathbb{R}^{n+1}}u(z,\tau.)d\nu_{V}^{(x,t)}(z,\tau)$
( $supp(\nu_{V}^{(x,t)}(z, \tau))\subset s(D)$
).
2.1 (c) (2.1) . [6]




$\{(0,0)\}$ $\alpha$- , : $(x, t)\in H$
$0<s<t$
$W^{(\alpha)}(x, t)\geq 0$ ,
$\int_{\mathbb{R}^{n}}W^{(\alpha)}(x-y,t-s)dx=1$ ,
$W^{(\alpha)}(x, t)= \int_{\mathbb{R}^{n}}W^{(\alpha)}(x-y, t-s)W^{(\alpha)}(y, s)dy$ .
$W^{(\alpha)}$ , $\alpha=1$ $W^{(1)}$
Gauss-Weierstrass :
$W^{(1)}(x,t)=\{\begin{array}{ll}(4\pi t)^{-\frac{n}{2}}\exp(-|x|^{2}/4t) t>00 t\leq 0.\end{array}$
, $\alpha=\frac{1}{2}$ $W^{(_{l}^{1})}$ Poisson :
$W^{(\frac{1}{2})}(x,t)=\{\begin{array}{ll}\Gamma(\frac{n+1}{2})\frac{t}{(\pi(|x|^{2}+t^{2}))^{n1}+} t>00 t\leq 0.\end{array}$
184
$W^{(\frac{1}{2})}$ $H$ , $\frac{1}{2}$- Bergman
Bergman . ,
$\tilde{L}^{(\frac{1}{2})}\cdot L^{(\frac{1}{2})}=(-\partial_{t}+(-\triangle)^{\frac{1}{2}})\cdot(\partial_{t}+(-\Delta)^{\frac{1}{2}})=-\partial_{t}^{2}-\Delta$
, 4 42 .
Bergman :
3.1. ([5, Lemma 3.1], [7, Lemma 1]) $\beta=(\beta_{1}, \cdots \beta_{n})$ , $k$
. $C>0$ , $(x, t).\in H$
(3.1) $|\partial_{x}^{\beta}\partial_{t}^{k}W^{(\alpha)}(x, t)|\leq C(t+.|x|^{2\alpha})^{-\frac{n+|\beta|}{2\alpha}-k}$ .
. $x_{0}=(1,0, \cdots 0)\in \mathbb{R}^{n}$ $\psi_{\alpha}(t)$ $:=W^{(\alpha)}(x_{0}, t)$
. $W^{(\alpha)}(x, t)=|x|^{-n}\psi_{\alpha}(|x|^{-2\alpha}t)$ ,
$\partial_{x}^{\beta}\partial_{t}^{k}W^{(\alpha)}(x,t)=\partial_{x}^{\beta}(|x|^{-n-2\alpha k}\psi_{\alpha}^{(k)}(|x|^{-2\alpha}t))$
. $\psi_{\alpha}$ $\psi_{\alpha}^{(k)}$ $(0, \infty)$
(3.1) . $W^{(\alpha)}$ one-side stable semi-group $(\sigma_{t}^{\alpha})_{t\geq 0}$ Gauss-Weierstrass
$W^{(1)}$
$W^{(\alpha)}(x, t)= \int_{0}^{\infty}W^{(1)}(x, s)d\sigma_{t}^{\alpha}(s)$
, [3]
(3.2) $\psi_{\alpha}^{(k)}(t)=(-1)^{k}(2\pi)^{-n}\tau\int_{0}^{\infty}(\int_{\mathbb{R}^{n}}|\xi|^{2\alpha k}e^{-e|\xi|^{2}}\hat{\nu}(\xi)d\xi)d\sigma_{t}^{\alpha}(s)$
( $\hat{\nu}$ $\mathbb{R}^{n}$ Fourier ). Gauss-Weierstrass
$\Psi(s)$ $:= \int_{\mathbb{R}^{n}}|\xi|^{2\alpha k}e^{-s|\xi|^{2}}\hat{\nu}(\xi)d\xi$
, (3.2) $\psi_{\alpha}^{(k)}$ .
\S 4. Huygens
$W^{(\alpha)}$ $H$ $\alpha$- , Huygens (1.4)
$u$ $H$ $\alpha$- . Bergman
.
4.1. ([5, Theorem 4.1], [6, Theorem $3.1|$ ) $H$ $\alpha$- $u$ $L^{p}(H)$
, $u$ Huygens . , $u\in$
(4.1) $u(x,t)= \int_{\mathbb{R}^{n}}W^{(\alpha)}(x-y,t-s)u(y, s)dy$
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.. $(x, t)\in H$ $0<s<t$ ,
$V_{r}=\{(z, \tau);|z-x|<r, t-s<\tau<t\}$ . 22
$u(x, t)= \int\int_{R^{n+1}}u(z, \tau)d\nu_{V_{r}}^{(x,t)}(z, \tau)$
. $rarrow\infty$ $\nu_{V_{r}}^{(x}$ $W^{(\alpha)}(x-z,t-s)dz$
,
(4.2) $\lim_{rarrow\infty}\iint_{\mathbb{R}^{n+1}}u(z,\tau)d\nu_{V,}^{(x,t)}(z,\tau)=\int_{R^{n}}u(z, s)W^{(\alpha)}(x-z,t-s)dz$
. [5] $n\geq 2$ (4.2) . $W^{(\alpha)}$
Riesz , ,
(4.3) $\int_{0}^{\infty}W^{(\alpha)}(x,t)dt=c_{\alpha^{\frac{1}{|x|^{n-2\alpha}}}}$ $(c_{\alpha}$ $:= \frac{\Gamma((n-2\alpha)/2)}{4^{\alpha\eta}\pi^{n}\Gamma(\alpha)})$
, $n\geq 2$ . Riesz
, (4.3) $\nu_{V_{f}}^{(x,t)}$
. , [6] \alpha -
$\tau_{r}^{\alpha}$ : $(x,t)rightarrow(rx,r^{2\alpha}t)$ $(r>0)$
. $\nu_{V_{r}}^{(x,t)}$ $x$- $\alpha$-
(4.2) . $n\geq 1$ .
4.1 . $W^{(\alpha)}$ $C^{\infty}$ , $b_{\alpha}^{p}\subset C^{\infty}(H)$
. , $u\in b_{\alpha}^{1}$
(4.4) $\int_{\mathbb{R}^{n}}u(x,t)dx=0$ $(\forall t>0)$
. “cancelation property’ $b_{\alpha}^{1}$ .
. $H$ Bergman
$H$ Bergman ([2], [10], [12])
.
4.2. $u\in L^{p}(H)$ . $u$ $\frac{1}{2}$-
$u$ .
\S 5. $\alpha$- Bergman
Huygens , $C>0$ , $u\in b_{\alpha}^{p}$ , $t$ ) $\in H$
,
$|u(x, t)|\leq C\Vert u\Vert_{L^{p}(H)}t^{-(r_{\overline{\alpha}}^{n}+1)\frac{1}{p}}$ .
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. $L^{p}$ $H$
, $b_{\alpha}^{p}$ $L^{p}(H)$ $I\nearrow$ Banach
. $p=2$ $b_{\alpha}^{2}$ Hilbert , . [5]
:
(5.1) $R_{\alpha}(x, t;y, s)=-2\partial_{t}W^{(\alpha)}(x-y,t+s)$ .
$\alpha$- Bergman .
: $m=0,1,2,$ $\cdots$
(5.2) $R_{\alpha}^{m}(x,t;y, s)$ $:=c_{m}s^{m}\partial_{s_{\backslash }}^{m}R_{\alpha}(x,t;y, s)$,
$c_{m}=(-2)^{m}/m!$ . $R_{\alpha}^{0}=R_{\alpha}$ , $m.\geq 1$
, $(y, s)$ $\alpha$- .
3.1 : $m\geq 0$ , $C>0$
$|R_{\alpha}^{m}(x,t;y, s)|\leq Cs^{m}(s+t)^{-m}(s+t+|x-y|^{2\alpha})^{-\frac{n}{2a}-1}$.
, $0<p\leq\infty$ $m>( \frac{n}{2\alpha}+1)(\frac{1}{p}-1)$
(5.3) $( \int I_{H}^{|R_{\alpha}^{m}(x,t;y,s)|^{p}dxdt})^{\frac{1}{p}}=C_{S}^{(\frac{n}{2\alpha}+1)(\frac{1}{p}-1)}$
$C>0$ . :
5.1. ([5, Theorem 6.3]) $m\geq 0,$ $p\geq 1$ . $u\in\Psi_{\alpha}$
$u=R_{\alpha}^{m}u$ ,
$u(x,t)= \int\int_{H}R_{\alpha}^{m}(x,t;y, s)u\{y,$ $s$ ) $dyds$ $(\forall(x,t)\in H)$
.
, $R_{\alpha}^{m}$ $R_{\alpha}^{m}$ .
:
5.2. ([5, Theorem 6.4]) (1) $1<p<\infty$ , $R_{\alpha}$ $L^{p}(H)$
.





6.1. ([5, Theorem 8.1]) $1<p<\infty$ $P$ .
$(b_{\alpha}^{p})^{*}\cong$ . , .
. $v\in b_{\alpha}^{p’}$
$\Lambda_{v}(u):=\int\int_{H}u(x,t)v(x,t)dxdt$
$\Lambda_{v}\in(b_{\alpha}^{p})^{*}$ $\Vert\Lambda_{v}\Vert\leq\Vert v\Vert_{L^{p’}(H)}$ . $\iota(v)=\Lambda_{v}$
$\iota$ : $b_{\alpha}^{p’}arrow(b_{\alpha}^{p})^{*}$ .
$R_{\alpha}(x, t;\cdot, \cdot)\in$ $v=R_{\alpha}v$
$v(x,t)=R_{\alpha}v(x,t)= \int\int_{H}R_{\alpha}(x,t;y, s)v(y, s)dyds=\Lambda_{v}(R_{\alpha}(x,t;\cdot, \cdot))$
. $\Lambda_{v}=0$ $v=0$ $l$ .
A $\in(b_{\alpha}^{p})^{*}$ . Hahn-Banach $L^{p’}(H)$ $f$
$\Lambda(u)=\int\int_{H}u(x,t)f(x,t)dxdt$ $(\forall u\in b_{\alpha}^{p})$
. $R_{\alpha}$ $R_{\alpha}u=u$ , , 5.2 $R_{\alpha}f\in\Psi_{\alpha}’$
$\Lambda(u)=\int\int_{H}(R_{\alpha}u)(x,t)f(x,t)dxdt=\int\int_{H}u(y)s)(R_{\alpha}f)(y, s)dyds=\Lambda_{R_{\alpha}f}(u)$
, $l$ .
6.1 $p=1$ . $p=1$
(1.1) $\alpha$- Bloch . $C>0$ , $u\in \mathcal{B}_{\alpha}$
$|u(x, t)|\leq C(|u(0,1)|+\Vert u\Vert_{\mathcal{B}_{\alpha}})(1+|\log t|+\log(1+|x|))$
, $\mathcal{B}_{\alpha}$ $|u(0,1)|+||u||_{\mathcal{B}_{\alpha}}$ Banach ,
, Huygens .
$\mathcal{B}_{\alpha,0}$ $:=$ { $u\in \mathcal{B}_{\alpha}$ ; $\lim\{t|\partial_{t}u(x,t)|+t^{\frac{1}{2\alpha}}|\nabla u(x,t)|\}=0$ }
$(x,t)arrow\partial H\cup\{\infty\}$
, $\alpha$- little Bloch .
$\tilde{\mathcal{B}}_{\alpha}:=\{u\in \mathcal{B}_{\alpha};u(0,1)=0\}$ , $\tilde{\mathcal{B}}_{\alpha,0}:=\{u\in \mathcal{B}_{a,0};u(0,1)=0\}$ ,
, $\tilde{\mathcal{B}}_{\alpha}\cong \mathcal{B}_{\alpha}/\mathbb{R}$ $\tilde{\mathcal{B}}_{\alpha,0}\cong \mathcal{B}_{\alpha,0}/\mathbb{R}$ $||$ . $||_{B_{\alpha}}$ Banach
. $\alpha$- Bergman $L^{\infty}(H)$
$\tilde{R}_{\alpha}(x,t;y, s)$ $:=R_{\alpha}(x,t;y, s)-R_{\alpha}(0,1;y, s)$
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, $\tilde{R}_{\alpha}$ $L^{\infty}(H)$ $\tilde{\mathcal{B}}_{\alpha}$ , ,
$u\in\tilde{\mathcal{B}}_{\alpha}$
$u=-2\tilde{R}_{\alpha}(t\partial_{t}u)$
([5, Thorem 7.9]). (4.4) :
6.2. ([5, Theorems 8.4, 9.3]) $b_{\alpha}^{1}$ $\mathcal{B}_{\alpha}/\mathbb{R}$ , $\mathcal{B}_{\alpha,0}/\mathbb{R}$
$b_{\alpha}^{1}$ .
\S 7. Carleson
$H$ Borel $\mu$ , $K\subset H$
$\mu(K)<\infty$ .
7.1. $\tau$ , Borel $\mu$ ( $\alpha$- ) $\tau$-Carleson
$C>0$ : $(x, t)\in H$
(7.1) $\mu(Q^{(\alpha)}(x,t))\leq Ct^{(\frac{n}{2\alpha}+1)\tau}$
. $Q^{(\alpha)}(x, t)$ $(x, t)$ $\alpha$- Carleson box ,
:
$Q^{(\alpha)}(x,t)$ $:=\{(y_{1}, \cdots y_{n}, s);t\leq s\leq 2t, |y_{j}-x_{j}|\leq 2^{-1}t^{\frac{1}{2\alpha}},j=1, \cdots n\}$ .
$m$ $0<p<\infty$
(7.2) $m>( \frac{n}{2\alpha}+1)(\frac{1}{p}-1)$
( (5.3) ). ,
$R_{\alpha}^{m}$ Carleson .
7.2. ([7, Proposition 1]) $m$ $P$ (7.2) . $0<q<\infty$
, $C>0$
(7.3) $( \int\int_{H}|R_{\alpha}^{m}(x,t;y, s)|^{q}d\mu(x,t))^{\frac{1}{q}}\leq C(\iint_{H}|R_{\alpha}^{m}(x, t;y, s)|^{p}dxdt)^{\frac{1}{p}}$
$(y, s)\in H$ $\mu$ $pg$-Carleson .
$P\leq q$ . .
7.3. ([7, Proposition 2]) $m$ $P$ (7.2) , , $Ap>\frac{n}{n+2a}$
. , $\mu$ $pg$ -Carleson , $C>0$ (7.3)
$(y, s)\in H$ .
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72 , $C>0$ $\rho>0$
: $(y, s)\in H$ $(x, t)\in Q^{(\alpha)}(y, \rho s)$ ,
(7.4) $|R_{\alpha}^{m}(x,t;y, s)|\geq Cs^{-(\frac{n}{2\alpha}+1)}$ .
, 7.3 Carlesm box Whitney $H$ ,
Carleson box (7.1) .
\S 8. Calleson
$H$ Borel $\mu$ $L^{p}$ $L^{p}(\mu)$ . Lebesgue
$L^{p}$ $L^{p}(H)$ .




8.1. ([7, Theorem 1]) $1\leq P\leq q<\infty$ . Borel $\mu$ $p^{-}g$
Carleson , $C>1$ ,
(8.2) $( \iint_{H}|u(x, t)|^{q}d\mu(x,t))^{\frac{1}{q}}\leq C(\iint_{H}|u(x,t)|^{p}dxdt)^{p}\iota$
$u\in$ . , $\iota_{\mu}(u)=u$
$\iota_{\mu}=\iota_{\mu,p,q}$ : $b_{\alpha}^{p}arrow L^{q}(\mu)$ .
$\iota_{\mu}$ Carleson ,




$:= \sup_{(x,t)\in H}\hat{\mu}_{g,p}^{(\alpha)}(x, t)$
. (8.2) $R_{\alpha}^{m}u=u$ , Minkowski





. (8.1) . $\tau>0$ $k$
(9.1) $\tilde{\mu}_{\tau,k}^{(\alpha)}(y, s):=s^{(2-\tau)(\frac{n}{2\alpha}+1)}\int\int_{H}R_{\alpha}^{k}(x,t;y, s)^{2}d\mu(x,t)$ .
$\tilde{\mu}_{\tau,k}^{(\alpha)}$
$\hat{\mu}_{\tau}^{(\alpha)}$ .
9.1. ([8, Lemma 3]) $k$ , $\tau>1-(\frac{n}{2\alpha}+1)^{-1}$ $k>$
$( \frac{\tau-2}{2})(\frac{n}{2\alpha}+1)$ , $\mu$ $\tau$-Carleson ( , $\hat{\mu}_{\tau}^{(\alpha)}$ )
$\tilde{\mu}_{\tau,k}^{(\alpha)}$ .
[7] , $\{R_{\alpha}^{m}(\cdot, \cdot;y, s);(y, s)\in H\}$
$\mathcal{E}_{m}$ . $m\geq 1$ $1\leq p<\infty$ $\mathcal{E}_{m}$ .
$p>1$ $\mathcal{E}_{0}$ (cf. [5, Lemma 8.2]).
9.2. ([7, Theorem $2]$ ) $1\leq p<\infty$ $1<q\leq\infty$ $P\leq q$
. Borel $\mu$ , $m\geq 1$ , (Lebesgue
) $(y, s)\in H$
(9.2) $\iint_{H}|R_{\alpha}^{m}(x, t;y, s)|d\mu(x, t)<\infty$
. [I]. $\sim$ [III] :
[I] (a) $1<q<\infty$ , Toeplitz $T_{\mu}$ : $\Psi_{\alpha}arrow b_{\alpha}^{q}$ .
, $C>0$ , $u\in b_{\alpha}^{p}$ ,
$(x, t)\in H$
$\int\int_{H}|R_{\alpha}(x, t;y, s)u(y, s)|d\mu(y, s)<\infty$
,
$\Vert T_{\mu}u||_{L^{q}(V)}\leq C\Vert u\Vert_{L^{p}(V)}$
.
(b) $q=\infty$ $T_{\mu}$ : $b_{\alpha}^{p}arrow \mathcal{B}_{\alpha}/\mathbb{R}$ . ,
$C>0$ , $u\in \mathcal{E}_{m}$
$||T_{\mu}u\Vert_{\mathcal{B}_{\alpha}}\leq C\Vert u\Vert_{L^{p}(V);}$
, $T_{\mu}$ .
[II] $\tau:=1+\frac{1}{p}-\frac{1}{q}$ , $\mu$ $\tau$-Carleson . , $\hat{\mu}_{\tau}^{(\alpha)}$
.
[III] $k\geq 1$ $\tau$ $:=1+ \frac{1}{p}-\frac{1}{q}$ $\tilde{\mu}_{\tau,k}^{(\alpha)}$ .
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, , [I] [III] $k=m$ . (9.2)
. 9.1 [II] [III] (
[III] $k\geq 1$ , $k\geq 1$ ).
7.3 Carleson box Whitney $[II]arrow[I]$ .
, $m \geq\eta+\frac{n}{2\alpha}+1$ $\eta$
$\int\int_{H}(1+t+|x|^{2\alpha})^{-\eta}d\mu(x, t)<\infty$
(9.2) . [III] $P=1$ $q=\infty$




(9.3) $\Vert T_{\mu}\Vert_{p,q}:=\sup_{u\in b_{\alpha}^{p}}\frac{\Vert T_{\mu}u||_{L^{q}(H)}}{\Vert u\Vert_{L^{p}(H)}}(1<q<\infty)$ , $\Vert T_{\mu}\Vert_{p,\infty}:=\sup_{u\in b_{\alpha}^{p}}\frac{||T_{\mu}u\Vert_{\mathcal{B}_{\alpha}}}{||u\Vert_{L^{p}(H)}}$
, (9.2) :
(9.4) $\frac{1}{C_{2}}\Vert\tilde{\mu}_{\tau,k}^{(\alpha)}\Vert_{\infty}\leq\Vert T_{\mu}\Vert_{p,q}\leq C_{1}\Vert\hat{\mu}_{\tau}^{(\alpha)}\Vert_{\infty}\leq C_{2}\Vert\tilde{\mu}_{\tau,k}^{(\alpha)}||_{\infty}$
, $C_{1},$ $C_{2}\geq 1$ $\mu$ .
Toeplitz $T_{\mu}$ Carleson $\iota_{\mu,p,q}$ .
$1\leq p<\infty$ $1<q\leq\infty$ $P\leq q$ $\tau:=\frac{1}{p}+\frac{1}{q}-1$ . $\mu$
$\tau$-Carleson , $q’$ $q$ ,
$\iota_{\mu,p)\tau p}$ : $b_{\alpha}^{\rho}arrow L^{\tau p}(\mu)$ $(\iota_{\mu,q’,\tau q’})^{*}:$ $L^{\tau p}(\mu)arrow(b_{\alpha}^{q’})^{*}$
$T_{\mu}=(\iota_{\mu,q’,\tau q’})^{*}\cdot(\iota_{\mu,p,\tau p})$ : $b_{\alpha}^{p}arrow b_{\alpha}^{q}(\cong(b_{\alpha}^{q’})^{*})$
. , $u\in b_{\alpha}^{p}$ $v\in b_{\alpha}^{q’}$
$\int\int_{H}v(x,t)T_{\mu}u(x,t)dxdt=\int\int_{H}v(x,t)u(x,t)d\mu(x,t)$




10.1. (cf. [13]) $X,$ $Y$ Banach , $T$ $X$ $Y$
. $X$ predual , , Banach $Z$
$X=Z^{*}$ .
(a) $T$ : $Xarrow Y$ , $X$ $\{u_{j}\}$ $w- \lim_{jarrow\infty}u_{j}=0$
, Tuj $Y$ $0$ .
(b) $T$ : $Xarrow Y$ $*-$ , $X$ $\{u_{j}\}$ $w^{*}- \lim_{jarrow\infty}u_{j}=0$
, $Tu_{j}$ $Y$ $0$ .
(c) $T:Xarrow Y$ , $X$ $\{u_{j}\}$ , $Tu_{j_{k}}$
$Y$ $\{u_{j_{k}}\}$ .
$*-$ ,
. , $X$ 3 .
$*-$
([8, Lemma 5]).











10.3. $1\leq p<\infty$ . $\mu$ $H$ :
(a) $1\leq q<\infty$ $T_{\mu}$ : $b_{\alpha}^{p}arrow b_{\alpha}^{q}$ $*-$ .
(b) $T_{\mu}$ : $\Psi_{\alpha}arrow \mathcal{B}_{\alpha}/\mathbb{R}$ $*-$ .
(c) $1\leq q<\infty$ , $\iota_{\mu,p)q}$ : $b_{\alpha}^{p}arrow L^{q}(\mu)$ $*-$ .
[8] .
10.4. ([8, Theorem 1]) $1\leq P\leq q\leq\infty$ $P\neq\infty$ $q\neq 1$
$\tau=1+\frac{1}{p}-\frac{1}{q}$ . Borel $\mu$ (9.2) . ,
.
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(a) Toeplitz $T_{\mu}$ : $b_{\alpha}^{p}arrow b_{\alpha}^{q}$ ( $q=\infty$ $arrow \mathcal{B}_{\alpha}/\mathbb{R}$ ) $*-$
.
(b) $\mu$ vanishing $\tau$-Carleson .
(c) $k\geq 1$ $\lim_{(x,t)arrow\partial H\cup\{\infty\}}\tilde{\mu}_{\tau,k}^{(\alpha)}(x, t)=0$
, $p>1$ $*-$ , (c) $k\geq 0$
. $H$ exhaustion $\{\omega_{j}\}$
$\mu_{j}$ $:=\mu|_{w_{j}}$ , $\nu_{j}$ $:=\mu-\mu_{j}$
. (b) $(\hat{\nu}_{j})_{\tau}^{(\alpha)}$ $H$ $0$
. (9.4)
$\Vert T_{\mu}-T_{\mu_{j}}\Vert_{p,q}=\Vert T_{\nu_{j}}\Vert_{p,q}\leq C_{1}\Vert(\hat{\nu}_{j})_{\tau}^{(\alpha)}\Vert_{\infty}$ $arrow 0$ $(jarrow\infty)$
. 10.3 $T_{\mu_{j}}$ (a) . , (a)
, $T_{\mu}$ $\mu$ $\tau$-Carleson . ,
$C>0$
$\tilde{\mu}_{\tau,m}^{(\alpha)}(y, s)\leq C\Vert T_{\mu}(\frac{R^{m}(\cdot,\cdot;y,s)}{||R^{m}(\cdot,\cdot;y,s)||_{L^{p}(H)}})\Vert_{L^{q}(H)}$
$w^{*}- \lim_{(y,\epsilon)arrow\cup\{\infty\}}\frac{R^{m}(\cdot,\cdot;y,s)}{\Vert R^{m}(\cdot,\cdot;y,s)||_{L^{p}(H)}}=0$
. $T_{\mu}$ $*-$ $k=m$ (c) . (b) (c)
(10.1) .
103(c) , :
10.5. ([8, Theorem 2]) $1\leq P\leq q<\infty$ $\tau=^{g}$ . ,
$\iota_{\mu_{)}p,q}$ : $b_{\alpha}^{p}arrow L^{q}(\mu)$ $*-$ $\mu$ vanishing
$\tau$-Carleson .
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